Interacting bosons or fermions give rise to some of the most fascinating phases of matter, including high-temperature superconductivity, the fractional quantum Hall effect, quantum spin liquids and Mott insulators. While these systems are promising for technological applications, they also present conceptual challenges as they require approaches beyond mean-field and perturbation theory. Here we develop a general framework for identifying the free theory that is closest to a given interacting model in terms of their ground state correlations. Moreover, we quantify the distance between them using the entanglement spectrum. When this interaction distance is small, the optimal free theory provides an effective description of the low energy physics of the interacting model. Our construction of the optimal free model is non-perturbative in nature, thus it offers a new theoretical framework for investigating strongly correlated systems.
Many-body physics of non-interacting systems reduces to the description of a single particle, and thus is well understood. In contrast, the understanding of interacting systems remains one of the major open problems of both condensed matter and high energy physics. Complete analytical solutions are possible in the so-called integrable systems [1] , which are not robust to perturbations. More generally, one relies on mean-field approaches, density functional theory, or perturbation theory to expand around known solvable instances. Such methods can be employed when correlations are weak, or interactions induce small corrections to the original state. Many interesting phenomena, however, have non-perturbative origin, such as superconductivity or the fractional quantum Hall effect. While important insights about such systems have been obtained using variational ansätze [2] [3] [4] [5] , this approach requires non-trivial physical intuition about the nature of the emerging free quasiparticles. A question of paramount importance arises: is it possible to directly identify the free effective model that is most similar to a given interacting one?
Here we introduce the concept of the interaction distance, D F , which quantifies the effect of interactions on the ground state of a many-body system. At the same time we identify the optimal free theory closest to the given interacting model. Our approach employs quantum information inspired techniques to study the correlations of a system witnessed in its entanglement spectrum and to build a general diagnostic tool of interactions. Typically we find D F to be small when mean-field theory is applicable, while non-trivial behaviour emerges near critical regions. Using the example of the quantum Ising model, we demonstrate that the interaction distance can be calculated efficiently. We envision that finding the optimal free description of interacting systems can help formulate suitable variational ansätze in a variety of areas, ranging from condensed matter to high energy physics. Alternatively, it could be used to develop efficient numerical simulations of interacting systems that scale favourably with the system size.
RESULTS
Overview:-The interaction distance D F , introduced below, quantifies the distance between the reduced density matrix of a many-body state and the closest freeparticle reduced density matrix. We demonstrate that D F can be calculated efficiently from the entanglement spectrum [6] , and when this distance is small (D F 1) leads to the optimal free model that best describes the low energy properties of the interacting system. Near critical regions, D F behaves non-trivially, and its finitesize scaling can be related to the properties of the model under renormalisation group flow. As an example, we apply our method to the 1D quantum Ising model in the presence of transverse and longitudinal fields. We demonstrate that this model has D F ≈ 0 across the whole phase diagram and we identify its optimal free description. Finally, we present a particular model with non-zero interaction distance in the thermodynamic limit, thus demonstrating its intrinsic interacting nature.
Interaction distance and optimal free model:-Consider an arbitrary many-body system prepared in its ground state, |Ψ . For simplicity, here we consider fermionic systems defined on a lattice, although our approach can be generalised to other systems, as we discuss below. Partitioning the system in two regions, A and its complement B, defines the reduced density matrix ρ = tr B |Ψ Ψ|. The entanglement Hamiltonian H E = − ln ρ has eigenvalues {E}, known as the entanglement spectrum of ρ [6] . The entanglement spectrum captures the correlations in the ground state. Moreover, the universal properties of the actual Hamiltonian of the interacting system are reflected in H E [6] [7] [8] [9] . For this reason, we diagnose the effect of interactions as well as identify the optimal free model exclusively through ground state correlations.
We introduce the interaction distance between the interacting, ρ, and the free, σ, reduced density matrices
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where D(ρ, σ) = 1 2 tr (ρ − σ) 2 is the trace distance and F is the manifold of all free-fermion states. Note that unlike previous works [10] [11] [12] [13] [14] [15] [16] , the manifold F contains all Gaussian states in any set of fermionic quasiparticle operators {c}. The trace distance has a physical interpretation in terms of distinguishability between ρ and σ when measuring observables [17] . Alternative statedistance measures can equally well be employed [18] . The quantity D F has a geometric interpretation as the distance of the density matrix ρ from F.
In order to compute D F , we need to perform the minimisation in Eq. (1) . We can show that this problem can be reduced to varying only the spectrum of σ. Consider the basis where ρ is diagonal and its entanglement spectrum {E} is available. A general σ ∈ F need not be diagonal in the same basis as ρ. However, the trace distance between ρ and σ is minimised when σ commutes with ρ, i.e., it is simultaneously diagonal with ρ and their eigenvalue spectra are rank ordered [19] . Indeed, if there existed a σ which minimised D F but did not commute with ρ, then that minimum would not be a global one. As a consequence, the eigenstates of the optimal model σ are the same as the eigenstates of ρ. So the minimisation for obtaining D F now involves a variation with respect to the eigenvalues of σ that can be given in terms of its entanglement spectrum.
Having to minimise only with respect to the spectrum of σ is a significant simplification of the optimisation problem. A further exponential simplification is possible if we consider the structure of its entanglement spectrum. Consider N single-particle entanglement energies { } with allowed occupations {n i , i = 1, .., N ; n i = 0, 1} corresponding to the independent modes {c} obeying Fermi-Dirac statistics. The full entanglement spectrum {E f } of σ contains exponentially many levels, 2 N , as a function of system size, N . However, a special property of free systems is that due to Wick's theorem their entanglement spectrum can be built from a set of single-particle entanglement energies i [20] according to
where E 0 is a normalisation constant. The index k runs over the many-body spectrum, and for each k there are associated occupations n i (k) ∈ {0, 1}. Hence, the interaction distance, D F , can be cast as a minimisation with respect to the N -many single-particle energies
As N increases at most linearly with system size, expression (3) provides the means to efficiently compute the interaction distance and obtain the optimal free model of any state of an interacting theory whenever its entanglement spectrum {E} is accessible.
According to (3) the interaction distance is zero when the entanglement spectrum of ρ satisfies the combinatorial structure given in (2) for certain single-particle energies, { }. This generalises our concept of free models. In general, no 's exist that satisfy all these constraints as their number grows exponentially with the system size, while the number of 's grows only linearly. Due to the properties of the trace distance [18] we have that the interaction distance takes values D F ∈ [0, 1]. The condition D F = 0 corresponds to a system that can be exactly described by the free fermions {c}, while D F = 1 is the maximal distance a state can be from a free description. When D F is approximately zero, then the deviation in expectation values or correlation functions between ρ and the approximation σ is bounded. In particular, the interaction distance is sensitive only to deviations in the low lying entanglement spectrum, which dominate the expectation values of physical observables.
At this point we might wonder what significance the bipartition holds in definition (1) of the interaction distance. From a quantum information point of view, the partial trace serves as a quantum channel through which we view the ground state. This channel is Gaussian if it maps a Gaussian state to another Gaussian state [21] . The combinatorial structure of (2) describes the eigenvalue spectrum of any Gaussian density matrix. In matching the spectrum we are testing compatibility between canonical operators in which the original state is a Gaussian state and the quantum channel is Gaussian, and our ability to describe the state in terms of modes separable to A and B. If there exist such modes then D F is zero.
A useful insight in the form of the modes {c} is given by a constructive derivation of (3) from (1). The canonical algebra of {c} is invariant under arbitrary unitary transformations on σ. Hence these transformations keep σ in F, and F contains all of its unitary orbits. Optimising for the minimum D F involves the following steps. First, F is decomposed into equivalence classes which are the mentioned unitary orbits. Within each class, the trace distance is minimised by a certain representative σ which commutes with ρ [19] . Then, D F is obtained by taking the minimum over representatives of each class. Since within these unitary orbits the trace distance is minimised when σ and ρ are simultaneously diagonal, the free modes {c} are given as Schmidt vectors corresponding to the single-particle entanglement levels { } for which we have optimised. Note that the unitarily transformed modes are, in general, a non-linear combination of the original modes, though they still describe a free model. From the optimal state σ, we can identify an effective free physical Hamiltonian in terms of the emergent quasiparticles {c} and we refer to this as the optimal free model. It can be found via a non-unique procedure [22, 23] which utilises the two-point correlations of {c} with respect to σ.
General optimal free description:-To determine the value of D F we have chosen in (2) the statistics of the free quasiparticles to be fermionic. Generalising further, we could allow for an optimal free description with respect to other quasiparticle statistics than the constituent fermions of the original interacting system. However, systems that comprise quasiparticles with different mutual statistics have in general Hilbert spaces of unequal dimension. This can be directly resolved in the following way. The entanglement spectrum of a pure state |ψ can be found from the Schmidt decomposition, |ψ ∼ = V A ΣV † B , where the state has been reinterpreted as a map between the Hilbert spaces of the A and B parts. The isometries V A and V B map from A to B through an intermediate space H E , the entanglement Hilbert space on which the matrix of singular values Σ and the related entanglement Hamiltonian, H E , are defined. One can increase the dimension of H E by the addition of zero singular values to Σ and the addition of linearly independent columns to V A and V B so that they remain full-rank, without changing the correlations in |ψ . If the dimension of H E is made to exceed the Hilbert space dimension of either subsystem then the isometries serve as projectors removing non-physical states with high entanglement energy. This fact allows us to compare interacting systems with optimal free models that may have different Hilbert space dimension.
Efficiency of computing D F :-In the following we shall demonstrate with two examples that the interaction distance, D F , is a versatile quantity that can be evaluated numerically or analytically. Importantly, the calculation of D F requires only the knowledge of the ground state, thus it is more efficient than other possible measures e.g., based on directly comparing the structure of actual energy spectra.
When ρ is the reduced density matrix of a gapped 1D system, then D F can be numerically determined efficiently with L, the linear size of the system. Gapped 1D states have area-law entanglement [24] which bounds the number of significant levels in the entanglement spectrum in the thermodynamic limit. Below we use the well known density matrix renormalisation group algorithm (DMRG) [25] to efficiently obtain ground states of finite 1D systems. Moreover, in this case the low lying { } in (2), and as a consequence the state σ, will converge exponentially fast with L. Thus, the minimisation procedure in (3) is also efficient (see Methods), as it need only involve a finite number of significant levels determined by the correlation length, even in the thermodynamic limit.
For critical 1D systems, logarithmic corrections to the area law are possible, which leads to the polynomial complexity in determining ρ. For critical 1D states, a multiscale renormalisation ansatz [26] can be implemented in order to obtain the entanglement spectrum. If the system is gapless, the number of significant entanglement levels will increase but only polynomially with system size L, hence the optimisation procedure for determining the single-particle energies remains efficient.
Finally, in higher-dimensional systems, our method is reliant on the efficiency of the current methods in the literature for computing the entanglement spectrum of the ground state. For 2D systems, one can use iterative methods such as the Lanczos algorithm in order to access only the ground state in the exact diagonalisation framework. Furthermore, Monte-Carlo algorithms [27] and 2D tensor networks [28, 29] can be used in a variety of systems to variationally approximate the ground state. Then the typical runtime complexity of D F for an entanglement spectrum from a disk partition is polynomial in the correlation length and thus efficient.
Finite size scaling of D F :-The quantity D F , through its dependence on the entanglement spectrum, inherits the information about both short-and longwavelength properties of the system. As pointed out by Li and Haldane [6] , the entanglement spectrum of a gapped phase exhibits a generic separation into the universal long-wavelength part and a non-universal shortdistance part, the two being separated by the entanglement gap [6] . Assuming that the linear size of the system's quasiparticles, , is much smaller than the linear size of the partition A, the long-wavelength information corresponds to correlated quasiparticle excitations across the entanglement partition, while the shortdistance physics is associated with internal structure of the quasiparticles. The non-universal part is thus a boundary effect which is insensitive to variation in the subsystem size. In the thermodynamic limit, the nonuniversal part is exponentially suppressed in a gapped phase [6] , as seen from (3), and D F then predominantly describes the universal properties of the system.
At critical points where the quasiparticles remain well defined, i.e., stays finite, a large but finite system of linear size L chops off some of the correlations between the quasiparticles. We surmise that the finite-size scaling of D F near such critical regions follows the ansatz
where f is an undetermined function, and ζ and ν are the critical exponents. The constant θ ≥ 0, which vanishes in the standard power-law scaling ansatz [30] , accommodates the fact that the interaction distance is bounded from above, D F ∈ [0, 1]. A simple scaling analysis (see Methods) shows that ν is the correlation length exponent, while ζ determines the effect of interactions in the renormalisation group sense. For example, when interactions are relevant, D F should remain non-zero as L increases, which dictates ζ ≤ 0. On the other hand, when interactions are irrelevant, it is expected that D F decreases with L near the critical regions, in which case ζ > 0. Note, however, that it is possible for interactions to be irrelevant and still yield finite D F in the thermodynamic limit. This is because, D F may be sensitive to non-universal (short distance) properties of the system, which can give a residual non-zero contribution parametrised by θ. Application to Ising model:-For concreteness we consider the example of the 1D ferromagnetic (FM) and antiferromagnetic (AFM) Ising model in both transverse, h z , and longitudinal, h x , fields (see Ref. [31] for a recent review). By using exact diagonalisation to determine the entanglement spectrum, we compute D F across the phase diagram and examine its scaling around criticality and its convergence in the thermodynamic limit. Finally, we find optimal free-fermion models for each point (h z , h x ) of the phase space.
The interacting Hamiltonians are given by
where H + stands for FM and H − for AFM with periodic boundary conditions. In the presence of only transverse field (h x = 0), model (5) maps to free fermions via the Jordan-Wigner transformation. A non-zero longitudinal field, h x , introduces non-local interactions between fermions. A quantum critical point at h z = 1 separates an ordered and a disordered phase of the free system which are related by a self-duality [32] . The FM model has a single critical point at (h z = 1, h x = 0), while the AFM model has a critical line connecting (h z = 1, h x = 0) with the classical point (h z = 0, h x = 2) [33] . Minimising the interaction distance over the phase diagram we find that D F decays with L away from critical regions as shown in Fig. 1 , with the variational parameters { } converging exponentially (see Methods). Thus the model can be faithfully described by a free theory in these regions of the phase diagram. The exceptions only occur infinitesimally close to the FM critical point and at the AFM classical critical point. This is remarkable because these models are non-integrable and a priori have strong quantum fluctuations due to all energy scales being comparable in magnitude.
Strong correlations build up near criticality where the effect of interactions is most significant and D F can take higher values. These regions, however, shrink around criticality as L increases. To examine this we consider the finite-size scaling of D F using ansatz (4), as shown in Fig. 2 , along the paths h z = 1 (FM) and h x = h z (AFM) shown in Fig. 1 . Note that, despite being near criticality, the values of D F remain small (D F 1) for both models, thus we set θ = 0 in the ansatz (4) . We obtain critical exponents ζ FM ≈ −1.4 and ζ AFM ≈ 1.11, showing that interactions have a dramatically different effect in the two models. In the FM case the interactions are a singular perturbation to the critical point, whereas in the AFM case their effect diminishes as L increases. This behaviour is consistent with the shrinking of the significant high-D F regions around criticality. Furthermore, the critical exponent ν FM ≈ 0.533, is approximately equal to that of the correlation length ν ξ FM = 8/15 [34] . Similarly ν AFM ≈ 1.252 which is within 20% accuracy to the correlation length critical exponent for the same cut ν ξ AFM ≈ 1.052, which we obtain numerically. We account for the deviation in ν AFM by small system sizes and the fact that we are not perturbing with an operator that has a well-defined scaling dimension. The critical scaling behaviour of D F is independently verified by employing the variational DMRG method rather than exact diagonalisation, that can efficiently probe significantly larger system sizes (see Methods).
Finally, we are in position to identify the optimal free model that describes the interacting system given by an instance of (5). In particular, we identify the free Ising model H ± (h f z , 0) with transverse field h f z , whose ground state's entanglement spectrum matches σ's obtained from (1) for each point (h z , h x ). This is simply obtained by minimising
As a result we observe that in the FM case, adding infinitesimal interactions to the free Ising model with h z < 1 maps the model to a free Ising with h z > 1 in a discontinuous way, as shown in Fig. 3 (a) . When h z > 1, the introduction of interactions maps the model to a neighbouring free model continuously. In the AFM case the interactions are irrelevant. Indeed, Fig. 3 (b) shows that the whole phase diagram maps trivially to the free model even very near criticality.
The distance min h f z D(σ, σ f ) is shown by the colour scale in Fig. 3 . We see that away from criticality σ can be mapped to the free Ising model with a high fidelity. In the thermodynamic limit we expect the critical line of the AFM to also be identified with a free Ising model be-
f ) decreases with L and the conformal field theory, which describes the point (h z = 1, h x = 0), also governs the entire critical line [31] . This analysis re- f ) (log scale) signifying the success of the mapping. In this way the interacting system is given a description in terms of a free-fermion model. The region near the hz = 0 classical axis of the AFM is removed (grey region) because our calculations do not resolve all symmetries of the system. veals that the optimal free model is local and fermionic throughout the phase diagrams, except at the critical point of the FM model and the classical critical point of the AFM model whose ground state is macroscopically degenerate.
Maximally interacting model:-In the above analysis, we found for the Ising model that the interaction distance vanishes in the thermodynamic limit in almost the entire phase diagram. For that model we identified the optimal free fermion model that effectively describes it throughout the phase space. We now present a truly interacting model that cannot be approximated by free fermions, i.e., has a non-zero D F in the thermodynamic limit, even away from criticality. In our analytical approach, we first construct the entanglement spectrum that gives a non-zero D F with respect to free fermions. Then, we identify the physical system and emergent quasiparticles that correspond to the derived entanglement spectrum.
We consider the simple case where the entanglement Hamiltonian comprises two fermionic modes. We aim to maximise the interaction distance with respect to the entanglement spectrum {E max } which consists of four levels. We perform a maximisation of the interaction distance from free-fermion entanglement spectra generated by two single-particle energies, 1 , 2 . It can be analytically proven (see Supplementary Note 2) that the maximum interaction distance in this case is
where the maximisation is performed with respect to the eigenvalues {λ} of ρ. The spectrum of the reduced state ρ max that maximises D F (ρ) is the maximally mixed rank-3 spectrum {λ max } = { , 0}, with entanglement spectrum {E max } = {ln 3, ln 3, ln 3, ∞}.
We would now like to find the parent physical system which exhibits such correlations in the ground state so that it saturates the maximum of D F . Since the entanglement spectrum {E max } has a three-fold degeneracy, it is natural to consider models which support fractionalised excitations. In particular, a Z 3 quantum clock model effectively describes the edge physics of a 2D topological phase [35] and can in principle be realised in the laboratory [35] [36] [37] [38] [39] . The Z 3 Hamiltonian in the topological phase at its renormalisation fixed point is
where τ j are non-Hermitian clock operators which commute between sites and can be represented locally as τ j = diag 1, e i2π/3 , e −i2π/3 satisfying τ 3 j = 1. The ground state of (7) hosts topologically protected parafermionic zero-modes exponentially localised on open boundaries [40] . These correspond to threefold degeneracy in the entanglement spectrum {E} = {ln 3, ln 3, ln 3} from maximally entangled pairs of parafermions across each virtual boundary. We have seen in a previous section that we can increase the dimension of the entanglement Hilbert space H E by introducing completely uncorrelated states that correspond to infinite entanglement energy. Hence, the entanglement spectrum of the Z 3 model reproduces the aforementioned {E max }. As a result we have readily identified a truly interacting model that gives D F (ρ max ) = 1/6 with respect to free fermions in the thermodynamic limit. Importantly, we have managed to analytically identify the ground state of the corresponding interacting model by considering only the structure of its correlations.
DISCUSSION
In this paper we have identified, for a given interacting theory, the optimal free state which is closest to its ground state and introduced the interaction distance between them. Our approach extends beyond mean-field theory, which is valid for weak correlations and spatial dimensions above the upper-critical dimension, or perturbation theory which requires weak couplings. Optimising with respect to the correlations present in ground state captures faithfully the low energy physics of the interacting system reproducing the observables with bounded error.
We have numerically determined the interaction distance for the 1D Ising model in the presence of transverse and longitudinal fields. We used both exact diagonalisation as well as DMRG, thus demonstrating the efficiency in determining D F for large 1D gapped systems using standard techniques. Further, our diagnostic D F shows that the ground state of this interacting model in its gapped phases is well described by a free state, requiring exponentially less information to represent than the exact ground state. We expect that this could be generalised to an efficient algorithm for finding a representative (nearly) free state, similar to the DMRG method which constructs a low Schmidt rank approximation to gapped 1D ground states. Alternatively, our method can be combined with analytical wave functions, as in the case of the Bethe ansatz [41] or the trial wave functions in the quantum Hall effect [5, 42, 43] .
We have also verified that there exist quantum states for which D F = 0, such as the Z 3 quantum clock model. Other possible candidates are systems that give rise to exotic phases like high-T c superconductors and states with intrinsic topological order, where interactions play a crucial role. This could establish D F as an interaction order parameter identifying truly interacting systems, in terms of fermions or bosons, from nearly free ones like the Ising model. Furthermore, as we have shown for the Ising Model and the Z 3 model, it is possible to directly identify a parent Hamiltonian for the optimal free state.
In introducing our interaction distance, we have generalised the meaning of freedom in many-body quantum states by choosing the mutual statistics of the free modes we are optimising over. Varying the statistics of the free modes used in our optimisation corresponds to changing the free manifold F from which the interaction distance is measured. Our construction can be immediately generalised to soft-core bosons by promoting the occupation m of each mode in Eq. (2) to a variational parameter taking values 1 ≤ m < ∞. Taking this further, the single-body levels themselves can become occupationdependent. Such a modification could accommodate fractionalised excitations in strongly-correlated states [44] . Another interesting generalisation would be to introduce the notion of entanglement temperature [45] which shifts the sensitivity of the measure to other parts of the entanglement spectrum, reflecting entanglement on different length scales. Finally, we mention that methods for measuring entanglement spectra in optical lattices have recently been proposed [46] . Hence, the interaction distance can be determined for exotic states realised in cold atom systems.
METHODS
Optimisation:-The optimisation to find σ and D F in (3) is performed by a Monte Carlo basin-hopping strategy [47] using the Nelder-Mead simplex algorithm for local minimisation within basins of the cost function D F . This global strategy was selected to counteract an observed tendency for local methods to get trapped in local minima. The initial guess for this search is found as follows. The normalisation constant E 0 is the lowest entanglement energy of the input entanglement spectrum {E}. We iteratively construct an approximate set of single-particle entanglement energies starting from an empty set. First we take the lowest remaining level in the spectrum and subtract E 0 to produce a new singleparticle level k . Then we remove the many-body levels which are closest to the new combinatorial levels generated according to (2) by the additional single-particle level. This process is repeated until the input spectrum is exhausted. We can also introduce a truncation of the entanglement spectrum cutting off high entanglement en- ergies, making the construction of the initial guess terminate faster. The minimisation of D(σ, σ f ) in order to identify the optimal free model for the Ising Hamiltonian (5) is calculated using a local Nelder-Mead method.
Finite size scaling:-We perform the finite-size scaling according to an ansatz (4) . The parameters of the collapse were estimated using the method of Ref. [48] . From the scaling ansatz (4) and for a trial set of scaling parameters g c , ν and ζ, the scaled values
−ζ are calculated from each unscaled data point (g, D F ). From this collection of scaled data points (x L , y L ) across all L we implicitly define a so-called master curve which best represents them. This curve y(x) is defined around a point x as the linear regression calculated by taking the scaled data points immediately left and right of x for each system size L. We characterise the deviation of the scaled points (x L , y L ) from the master curve y(x L ) using the chi-square statistic χ 2 . This measure is used as the cost function for an optimisation problem over the scaling parameters g c , ν, ζ and θ which can be solved using the same techniques as the previous problems.
In Fig. 4 (a) we show D F calculated from the entanglement spectrum using DMRG [25] , which extends our results from Fig. 2 in the ferromagnetic case to larger system sizes inaccessible to exact diagonalisation. In Fig. 4 (b) we show the scaling collapse. We obtain critical exponents ν, ζ which are consistent with those found with exact diagonalisation and ν is consistent with known results of CFT [34] . There are two differences compared to results in Fig. 2 . First, with our larger sizes we become sensitive to the upper bound of D F , which gives us θ ≈ 0.025. That θ is non-zero is readily apparent in the saturation behaviour visible in the unscaled data and is demanded for consistency with an upper bound. Second, in accordance with common practice, we perform DMRG using open boundary conditions, which changes the non-universal function f in the scaling ansatz (4) .
To verify our DMRG results we compare D F obtained by DMRG and exact diagonalisation with open boundary conditions. We confirm that they are in excellent agreement, as shown in Fig.4 (c) . Between iterations in DMRG, the ground state is approximated by retaining a reduced number of entanglement states. They correspond to the greatest Schmidt weights. The interaction distance is insensitive to these approximations inherent in DMRG because the induced error is comparable to the truncation error which is typically kept to be 10 −14 . We demonstrate that our DMRG calculations are converged in the number of retained states χ in Fig. 4 (a) . Close to criticality, due to the logarithmic growth in entanglement, we need to retain more states for larger L. The result is already converged for χ = 64 at the largest L studied, which justifies our approximation in retaining this number of states in the finite-size scaling. Note that the single-particle entanglement energies converge exponentially away from criticality exponentially (as discussed in the Supplementary Material).
SUPPLEMENTARY MATERIAL
In this Supplementary Material we demonstrate the convergence of the optimal free description with system size and present a proof that the maximum of interaction distance, among all entanglement spectra of rank 4, is equal to 1/6.
Convergence of Ising single body levels:-Regarding the rate of convergence to the optimal free description with L, we find that the single particle energies { } converge exponentially fast to their asymptotic values, as shown in Fig. 5 . This is the case even near criticality due to the finite size induced gap. In the thermodynamic limit, however, the entanglement spectrum is gapless at criticality [7] . Hence the convergence to the optimal model is expected to be polynomial in L. We observe that a power law convergence can be well fitted around criticality, with the goodness of the fit decreasing away from it (data not shown).
Maximum interaction distance among rank-4 entanglement spectra:-Consider a general 4-level entanglement spectrum of a normalised ρ which is expressed in terms of the probabilities {p} = {p 1 , p 2 , p 3 , p 4 }. The probabilities are ordered to satisfy the constraints
We begin by parametrising the probabilities corresponding to 2-mode (equivalently rank-4) free entanglement spectra by z, a, b with one parameter (we here pick b) fixed by normalisation. Because the probability spectrum has a definite ordering z ≥ za ≥ zb ≥ zab for any z, a, the cost function can be written in a simple algebraic form, 2D({z, a}, {p}) = |z − p 1 | + |za − p 2 | + |zb − p 3 | + |zab − p 4 | .
The interaction distance is a minimisation of this cost function, 
We can fix an element of the variational class F by choosing z = p 1 and a = p 2 /p 1 which then forms an upper bounding surface on D F (ρ) over {p},
Using the normalisation constraint
we can simplify the upper bound surface to 2D B (ρ) = |zb − p 3 | + |zab − p 4 |
= 2
We are now interested in finding the maximum of D B (ρ) with respect to {p} with a view to bounding the maximum of D F (p). We simplify this problem by instead considering the square D 2 B (ρ) which is easier to manipulate. The square is a monotone increasing function, therefore we can equivalently maximise D 2 B (ρ) to find the maximum of D B (ρ).
To solve this constrained maximisation, we take derivatives first with respect to p 3 ,
The only extremal point of the unconstrained problem is a minimum, therefore when D B is maximised p 3 must saturate its constraints. Since the lower bound p 3 = 0 is that of a rank-2 spectrum which has D F = 0 the maximum is found for p 3 = p 2 , 
∂D
Because once again the only stationary point is a minimum, the constraints on p 1 must be saturated. The lower bound on p 1 is 1/4 and the upper bound is 1/3. Because p 1 = 1/4 gives D F (p) = 0, the maximum is found for p 1 = p 2 = p 3 = 1/3 and by normalisation p 4 = 0.
Substituting these values for {p} in (11) we have D B (1/3, 1/3, 1/3, 0) = 1/6. Then by direct analytic calculation of D F ({1/3, 1/3, 1/3, 0}) one can show that this upper bound is attained. The conclusion is that amongst rank-4 probability spectra {1/3, 1/3, 1/3, 0} is the unique maximum of D F achieving D F = 1/6.
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